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Notelling's model of differentiated products is examined and modified so that consumers have 
relatively lo.# reservation prices for the differentiated products. The prablem of existence of a 
Nash equilibriurn in prices in a duopoly with given produces is ana1yse.i. When the reservation 
price is relatively low, a Nash equilibrium In prices exists For a larger range of products than 
when the reservation price is infinite. Next 1 examlne product competition wtth instantaneous 
adjustment to the Nash equilibridm prices of the previous game. Firms competing in a Nash 
fashion have tendencies to move away from each other and try to achieve 'local monopolistic' 
positions. This is in sharp contrast with the acclaimed 'Principle of Minimum Differentiation' of 
the original model of Hotelling (of high reservatioli price) where firms clustered in the product 
space. 

1. Introduction 

The first important contribution to the study of oligopoly with 
commodities differentiated by their characteristics was made by H. Motelling 
(1929). We studied duopolistic conipetition in a market for commodities 
differentiated in variety by one of thcir characteristics. Competition happened 
in two stages. In the last stage firms played a non-cooperative game in prices 
given the choices of varieties made in the first stage. In the first stage firms 
chose varieties non-cooperatively expecting to receive the Nash equilibrium 
profits of the last stage game. 

Hotelling claimed existence of a Nash equilibrium in prices for any 
varieties. Next Motelling sought equilibria in xlarleties which were sub- 
game perfect (in the price subgame), and clairled that such an equilibrium 
must involve firms producing nearly identical varieties. Hence the 'Princiyle 
of Minimum Difirel~tistion', and the associated suboptimal pro Juct 
diversity. 

Recently, tkc nnodcl was 1.e-examined by 13 d9Aspremont, J. Zaskold 
Cabszewicz and J.F. Tlhissrc (1979). They point to a mistake in the original 
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paper of Hotelling to prove that a Nash eq~lilibriurrl in prices (given the 
'locations') does not always exist. It does not exist when 'I.~ca"rons' (products) 
are rePatively close, but not identical. The reason for nsn-existence is that for 
relatively close locations it pays for each competitor to undercut the 
opponents and capture the whole market. This is caused by the non- 
q~lasiconcaviry (and not by the discontinuities) of the profit functions We 
shall discuss this III detail further on. Once undercutting is optimal, no Nash 
equilibrium exists. Now, suppose that the market is such that firms offer 
quite different -4~rieties. Nash equilibrium in prices exists and the firms tend 
to relocatc (~ln the product space) closer to each other. As the varieties 
~roa~wed  Ewcome very similar, no Nash equilibrium in prices exists and 
therefore nothing can be said about relocation tendencies. 

The non-existence of equilibrium discovered by d'Asprewont et al. (1979) 
prompts a closer look at Hotellisg's model. By relaxing the assumption of an 
infinite reservation price for the differentiated product, I derive draistlcally 
dLfcrent results from the ones mentioned above. In the price game with 
varieties (locations) fixed, Nash equilibria exist for not-too-high reservation 
prices relative to the distance between products.' In the varieties (locations) 
game with instantaneous adjustment to the Nash equilibrium prices, firms 
tend to produce very different products. This is contrary to the acclaimed 
'Principle of Minimum Differentiation'. At equiiibrium both firms a:re local 
rnonop~!ists.~ Further, the welfare of the society as measured by the total 
surplus is maximized at the 'local monopolistic' posiltions. 

Section 2 describes the model. I n  section 3 we establish the equilibria of 
the price game. In section 4 we examine the eqgilibria of the varieties game. 
In section S we conclude. 

2. The model 

There are two kinds of commodities. A homogeneous good, m, and a set of 
differentiated commodities C = fO, 11. Each differentiated commodity is 
defined by a point in C. Without possible confusion point XE[O, 11 will be 
identified with one unit of commodity x. Each point x in C can be thought 
of as regresenting ,he amount (sf the characternstic embodied in one unit of 
commodity x. 

Commodity bundles can have one or none units of a dikrentiated 
commodity. A commodity bundle that has a unit of a differentiated good x 

'The idea of introducing a finlie reservation price was also usccl by Lerner and Singer (1937) 
and Smithies (1941). 

'D'Asprmont et al. (1979) also demonstrate an equilibrium of the varieties game where firms 
produe the m zrsk diverse prajucts possible. This occurs when the disutility of distana is 
quadratic in disrance and the reservation price is very high. lo the preserll paper bh: disutility of 
dkrance is kept linear [as in Motelling (1929)l and a lrelatlvely not-too-high rescsvaaion price is 
nntrodraced. 
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cqnnot have any units of any other differentiated good y f ~ .  Thus consumers 
are restricted to blly one or none units of differentiate8 goods.3 

The consumption set is (CU ( u ) )  x LO, a). (z, ln) E(CU {u)) x LO, cc I. m 
represents the amount of the homogeneous good (Nicksian composite good). 
:: represents one unit of the differentiated commodity when it lies in C, and 
no units of any differentiated commodity when z = z?. 

Consumption agent w is endowed with a utility functioi~ Uw(z ,  m). 

( I )  U is separable: Uw(z ,  m) -. m + Vw(z). 
( 2 )  Vw(z= w)=O: No utility is gained or lost if no differentiated product is 

consumed. 
( 3 )  Vw(z Z v )  is single peaked at z= w. It  can be written as Vw(z) = V,(w) - 

f ' (d(z,  w)),  where . f (d)  is increasing in d and d(z,w) is the distance 
between z anc w. Further, f ( O )  =O. If'(.) is sometic,,-s i.?!ler! the 
'transportation cost functionhsince it represents the transportation cost 
in the formally equivalent lociriion model.14 

(4 )  Vw(w)= k ,  for all w, so that the reservation price of all consumers is the 
same. 

(5) Consumers are price takers. They maximize their utility given the 
commodities and prices offered in the market. 

Corisumers are distributed uniformly on C, the product space.' tv denotes 
the peak of the utility sfconsun~er 'w' in the space of characteristics. 

There are two production agents (firms). Firm 1 produces differentiated 
commodity x, and firm 2 produces differentiated product y. The same firm is 
not allowed to produce more than one differentiated product so that the 
model is kept simple. There are no costs of pr~duction.~ Firms are active 
players that select strategies to maximize an objective (profit) function. The 
formal games are described next. 

In the price game the strategic variable of each firm is the price of its 
product. The *~roducts x, y are given and no vari,ation is allowed. Firm 1's 
(respectively 2" ,) objective (profit) function a, (respectively I7,) is a function 
of its own price P,  (respectively P,) with j>.arameters the price of the 
opponent firm and both varieties (locations) r, y, i.e., 

'This assumpLion follows ~ b r  traclilion of Woielling and is made ir an effort to keep the 
results trac~ahlc 

'ln 1-lotelling (8929) j(.) was linear. 
'Uniformity of the distribution of co:onsum:rs is assumed for s:rnplicity of c.alcu!dtions. 

following the tradition of &!orelling, and in ou. pi~rsuit of the creation of: pa rad ip .  'P'he results 
may be setsativg: to chrangs in the distributicjn oi' the clraracreristics of thet;ows~:mers 

hZeril costs are assumed so that the emphasis of the analysis is on demand and sornpetit~o~ 
rather than on production. A technology of a fixed cost plus a constant marginnil cos: give'? very 
ii~~nllar resulrs. 
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The solution concept is the Nash equilibrium. A pair of p r i ~ s  (P:, P;) is a 
Nash equilibrium for this game if .P: maximizes the objective function U ,  
at the price P y = P :  of the opponent fim and P: maximizes U, at price 
P, := P:, i.e., if 

I p:, x, Y) 2 f l x r r ,  1 P:, x ,  y), all Px, 

n y ( p :  IP:, x, Y) 2 n y ( P ,  IP:, x. y), all P,. 

Then each firm has no incentive to change the strategy it plavs at a Nash 
equilibrium if the opponent firm plays a Nash equilibrium strategy. 
Therefore, both firms have no incentive to depart alone from the Nash 
eqtnlibrium. 

Let Q be the set of all product locations (x ,  y )  such that an equilibrium 
exists in the price game. 

In the varieties game the strztegic variable of each firm is its product 
(1ot:ation). k t  nf ( x ,  y) = ~ , ( P : ( x ,  y),  .P;(x, y), x7 y), n,*(x, yf = ny(F,*(x,  y), 
Pf f x .  y), x, y), ( x ,  y) E Q, be the Nash equilibrium pr~fits of the price game. In 
the varieties game, the objective (payoff) functions are n,*, l7; defined above. 
That is, the payoff function of the varieties game is the Nash equilibrium 
payoff of the price game. The varieties game is played within the set of the 
Nash equilibria of the price game. The definition uf the varieties game 
requires a unique Nash equilibrium of the price g~me. When there are more 
than one Nash equilibrium in the price game for some locations (x, y) we will 
select one Nash equilibrium to be the Nash equilibrium of ths game. As will 
be seen later the equilibrium selected will be the symmetric one. 

lfhe ~olution concept used IS again the Nasll equilibrium. A pair (x* ,  y*) of 
prodilcts is the Nash equilibrium if 

n,"(x*, Y*) 2 ~T; (x* ,  y), all (x*, y) E Q. 

The two-stage game structure can be interpreted as follows: the priice game 
is a short-rurr game, so that there is not time to change the plotluct arzd 
therefore competition can occur only in prices. Also, there may be cost5 
associated with a change in the product proaluced (or a chal~ge in location). 
T'3e varieties game is a iong-run game. F'irtns have observed in the short run 
the rlon-cooperative eqilibrium prices when ]products were fixed (in the price 
game), and are in position to calculate para~netrically ths Nash ecluiPibrium 
p ~ c e s  a.ad profits for any product they may offer. Therefore it is reasonable 
that the firms wij l  be restricted to payoffs that are Nash equilibrium payoffs 
of the price gamc. Forma%l:y, the price g,ame can be thought of as a 
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truncation of the varieties game. In that sense Nash equiiibria d :he varieties 
game are subgame perfect in the pricc subgxme. 

In assrlrmlng price competition and subsequent product (location) 
~ompeti t~on,  wc diverge from a significant colnection of papers, primarily in 
spatial conapetition and voting, which assume prices fixed in zcme sense 
whnle there is  competition in locations (products). The two-stage structure 
assumes aa advanced level of so~rhistication by competitors. When both price 
and variety are simultaneous strategic variables, equilibrium fails to exist 
when there are no gaps between consumers served by competing firms. In 
that game there are only 'local monopolistic' Nash equilibria. [See Eio- 
nomides ( 1982bl.a 

3. Existence oil  Nash eguillibria in the price game 

Motelling ("129) as corrected by d'Aspremont et al. (1979) established tine 
equilibria of the price game, assuming that the reservation price %as SO high 
that all consumers bought the differentiated producr at cqudibriurn. On the 
other hand intuition suggests that there will be squilibria for relativdy low 
reservation prices such that not all cclnsumzrs buy the differcniiated p r o k i ~ t .  
For very low reservation prices each firm must be a !oczl rno~opolist selling 
only in its neighborhood. I t  also seems reasonable that there are equilibria of 
dtgering types covering the two extreme cases, WoieSling's case and the 'local 
monopolistic' one. Here I establish all the equilibria of the p -ice game when 
there are consumers at the edges of the market not served. 

I start with an examination of the general denland functions for single 
peaked utilities in section 3.1. Starting with section 3.2 E assume 1i1:zar 
disutiiity in distance in the space of characteristics. Section 3.2 establishes the 
result of Hotelllt~g (and d'Aspremont et al.) in the framework of a finite 
reservation price. Section 3.3 establishes the existence and characterizes 
equilibria such that there arc consumers at the edges of the market not 
buying any differentiated product. Sections 3.4 and 3.5 establish comparative 
statics results. 

3.1. 7'/ie dunund jigi,nctinns -for generul, sin,gle-pzc~ked, svnrmvtric utility fernctians 

G'ornsider a market with two rirn14. ei\ch producing only one variety. Giwn 
yarictucs x and y and their rcspuctlvc prices P, ,  P,,  each consumer w decides 
to buy one unit from L cr koni J. o r  cot to buy a t  dl. For simplicity we 
shall assume that in ' c h i c c  over the above decision problem, the 
consumer is in all thr:e c-ses irn-ide the budget ser, i.e., can afford both 
products. 

The utility of csnst.mer 1.1, W ~ R O  has money m when he buys one unit of 
co~aamodity .Y at price P ,  is: elM,( u,r r )  = m + &kIw)  -f(dtP,, w)) - Px. I f  the same 
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consumer bl~ys one unit of' commodity y at price Py, bis utility is: U,(:, m) .= 
m + V,,,,(W) - f (d(y ,  bv)) - P,. On the other hand, if the consumer does not 
buy any of the two differentiated commodities, his utility is: U:(rn) =m. 
Therefore he is picking the largest of rn, m + Vw(w) - f (b(x, w)) - iP,, and rn + 
Vw(w) - f (d(y, w)) -- P,. The choice is formally quivalent to minimizing 
V,( w), P, -t,ff dl[x., w)), ancl P,, +f(d(y, w)). Vw(w) is interpretc d as the 
reservation price of consumer w. P,  + f (d(x, w))=g,(w) is the utilkty cost to 
consumer w of buying one unit of the differentiated commodity x. P,,+ 
f (d(y, w)i=gy(w) is the utility cost to consumer M of buying one unit of the 
dHerentiated commodity y. It is clear then that the optimization problem of 
the consumer is to pick up the commodity that minimizes his utility cost, i.e., 
minimizes among Vw(w), g,(w), g,(w). Fig. 1 is a diagrammatic representation 
of the problem in a space of characteristics of dimension I .  

Fig 1. Consumers' choice with convex disutility of distance. 

I: represents the most disadvantaged consumer between x and y. He faces 
the highest utiffitgi cost among all consumers in [x, y] and is indifferent 
between buying product x or prod~!ct y. Consumer z, is indifferent between 
buying product x or not buying any differentiated product. Consumer z4 is 
indifferent between buying product y or not buying any diflerentiaied 
product. In the particular case represented in fig. 1, all consumers with w in 
[z,,z) will buy product x, all consumers with w in [$ z,] will buy product y 
and the rest, those in [O,z,]  and [z, 11 will not buy any dikrcntiated 
product. Points z,, 2, are solutions of P, + f(d(x, by)) = k; points z,, Z, are 
so!utions of P, f ,'(d(y, w))  = k; and I satisfies P,  + f (d (x ,  8) = P, + f (d(y, 8). 

One of the first questions to ask concerns the nature of the similarities of 
the consumers that buy the same product. Is it true, for example, that clt~sely 
located consumers (in terms of locations or of preferences) will tend to buy 
the: sarne differentiatsd commodity? The answer conies out of a simple 
examination of the interqections of the three hsct ~ons y v ( w )  = k ,  gx(w), and 
gy4wb. 
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First, it is c le~r  that g,(w) =: P,  + f (d(x .  w),  intersects Vw(w) = k twice, once, 
er not at all. depending on whether: P,  is less, equal, or greater than VW(w). 
Correspondingljq, the set ax = (w/V,(w) >gx(w)) oi consumers w that prefer. to 
buy one unit of x at price P, to not buying the differentiated product at all 
is an interval, a single point, or empty. 

On the other hand, the number of ~nte:rsections between g,(w) = P,  + 
f (d(?r, w ) )  and g,(w) = P, + f (d(j1, w ) )  can be more thar, one if f is concave. 
In fig. 2 firm x does not only have a demand from csrisumers to the left f,, 
but also from consumers to the right of 2,. It is easy to see that concavity is 
required for the above phenomenon. 

Fig. 2. Consumers' choice with concave disutility of distance. 

The following proposition characterizes the nature of the similarities of the 
consumers that buy the same good. 

F'ruposition 1. Let there be two jrrns, each p r ~ ~ 1 1 1 ~ ~ n g  a iiflereni eariety in 
the model o$ section 2. Let the transportatiovr cost function f(4 be strictly 
convex in distnnce d. so that the trtility V,(z)  i . ~  strictly concave in 1z-lvi. 
7'irrrz. 

( I )  Cuwes g,(w) s P,  t /(I; - np and gy( l~ i )  - Fsy + f ( I 4 -  - w ! )  intersect no more 
tilan once. 

(2) The set H, -- ( w g,(w) <g,(w)) of c~gnsunzers w that prejer to buy x rdather 
thnra y !mt the g ~ i n g  prices P,, P,, is coumnected. Similarly, H ,  = 

[ w lg,( w)  c g , ( w ) )  is njnfiecred. 
(4) Functiora g,(w) [I-especiie~eEy g,$,:l)] e'nterseccs V,,,(w)=- k twi l~v ,  once, 0.- nut 

hat all deperzding on whether P [respectively P,) is .$ess, equal or gretztev 
than k. 
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(4)  The set 0, = {wl V , ( w ) ~ g , ( w ) ) ,  of consumers that prefer to buy product x 
than not to buy at all, is empty, t- si~gle point, or an interval [ w , ,  w23. 
Similarly-for SZ, = {wl V,(w) bg(w)). 

(5) The set of constsnters w who by product x E C,  =St, n H, n LO, I j is empty, 
a single point or an internal (z,, 7,). Similarly, the set C, = i2, n W, rb fjl, 1 
of consumers rv who buy y, is empty, a single point or an interval (zl, z2). 

When the transportation cost functions are weakly convex results (2)-(5) 
are also immediately established. Therefore, when the 'transportation cost 
function' is conve:x? consumers with similar preferenkes will buy the sane 
product. If the 't.rat~sportation cost function' is ccncave, then the set of 
consumers that buy the same differentiatecl product x is disconnected, a 
union of d.isjoint intervals. See &:onomides (1982a) for a detailed proof. 

3.2. Existence of a Nash equilibrium in the price game when the reservatiori 
price is high 

In the rest of this paper the utility will be assumed to be decreasing 
linearly in the space of characteristics (equivalently the transportation cost 
function will lb.: linear in distance). Formally, f (4 = d. Vw(z) = k - lli - w I I .  It is 
clear that without loss of generality I can take the slope of f (.) to be equal 
to one The h s t  result to be presented is the res;!: cf d'Aspremont et al. 
(1979) on existence of a Nash equilibrium in prices when the reservation 
price of all consumers is high and the transportation cost is liliear in 
dis tance. 

Proposition 2. Assumt- !inear transportation cost function. Let the reservutian 
price k be suficiently high lo iridtrce all consumers in [O, 11 to buy a unit qf' rhc 
dglkrentiated prodfret. Assume x # g, i . ~ . ,  diflerent products. A Nash eqtrilibriurn 
in the price game exists hf and only 1J': x2 + y2 + 2xy-  8x +28.v-20r 8, 
x2 + j2 + 2xy - 32x + 4y t. 4 > 0, and is  described Ejl prices: P"$ ={42 + x c y), 
P,* = + J ~ - X - ~ ) .  

These conditions are fulfilled for .Y far from p and fail for c'lose locations. 
However, if x = y, a Nash equilibri unn. 311 prices exists at prices P: = PT == (!. 

Now, if each finn relocates irr the commodity space according to profit 
incentives. assumlng instzi~taneous adjustment of prices to Nash equilibrium 
levels and no movement by its competitors, thc firm that prodawes :c will 
move towards the right and the firm that produces y will move towar6 the 
left, so t h q  will tend to move toward each other. The firms will tend to 
approach each other as much as possible. This is the famous 'clustering' 
~esuP? of Hotelling or, as It is sometimes called, the Trknciple of Wiinitnum 
Digerentiation9 
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However, as the firms come close enough they violate the conditions for 
existence of a Nash equilibrium in prices. If, in the regioar where the price 
Ndsh equilibrium doesn't exist, the firms folluw the best reply (zerc 
cc-yectural variation) rules and they start at (P:, P*) (the maximizers of the 
quadratic portions of their res,pective profit functions) then they wil'i undercut 
each other. 

Thc initial movement will be from ( P z ,  P.:) tc ( P :  -(y -x), P: - ( y  -x)), 
i.e., to lower than the candidaite Nash equilibrium prices. Eventually the best 
reply rule will lead the f i rm to higher prices thar. the candidate Nash 
equilibrium prices. The game will osc~llate above and below the candidate 
Nash equilibrium price pair. 

The essential reason for noin-existence of a price Nash equilibrium in the 
model of Hotelling is that the reservation price of all consumers is taken 
sufficiently nigh to induce all of them to buy one unit of the differentiated 
commodity. (This assumption docs not correspond to reaiity, as usually 
differentiated ccrnmodities may be non-necessities.) It  is the existence of a 
'guaranteed' demand (even at reasonably high prices) up to the edges of the 
commadity space which creates the incentives for undercutting whish 
shatters the existence of a Nash equilibrium in the original model of 
Hotelling. 

3.3. Existence ant! ~.hur=rcaerization qf Nash equilibria in thc7 price game when 
the resrrocc:!~ n price is rzot-too-high 

When the reseevation price is rot-too-high there will bz some consumers 
zt the edges of the market who will face a utility cost higher than their 
reservation price and will therefore not b:.~y any of the differentiated 
commodities. This and subsequent sections assume a relatively not-too-high 
reservation price so that there are consumers (at the edges of the market) 
who do not buy the differentiated product. 

3.3.1. Derivation of thc dcltxand carid profit .functions in ttre pric-e game 

Lct : , ( P , ) ,  z3 (Px ) ,  z , ( P , ) ~ z 3 j P x )  be the so11:rions in z of L = l s - z  - -  P, .  I Similarly let z2(P , ) ,  zd P,), z2(P,,) 5 z4(P , )  be the solution.; in r of k = lv -- -, + P, .  
Scc fig. 3. Then z,(P,)-x+Y,-k, z , ( Y , ) = y + P , - k ,  _n3(P .x )=- i+k-P , ,  
and z,,(I),) -1. y +. k - P,. 

The conditiorr. that there are csnsilmers at the edges of the market who are 
not served by either firm when prices are (I-",, P , )  is translated to the 
fallowing four conditions: z,(P,) >O-k  .c x + P, ,  a3(Px) < 1 - k  < ( I  ---xi -t P,, 
z,(k',) > 0- k < y 4- P,. or z,(P,)  > 1 * '. < ( l - y )  +P,. These Four conditions 
are equivalent to: 

k<mln(a.-t P,,  1 - - .x$P, ,y+P, ,  I-p.+P,). 
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Fig. 3. Afternative qdibrium configu~ations: ‘competitive' equilibrium for bigh ;-eservation price 
Ik). 'touching' equilibrium for intem~ediate reservation price (k , ) ,  and 'lotd monopolistic' 

equilibrium for low reservation price (b,) .  

Under the above condition and Py + ( y - x )  > k h e  demand is depicted in 
fig. 4.' The Line that connects (Q, 2k) and (k, 0) is the monopoly demand line. 
At P, = P,- (y  -:.j, firm y enters the competition and, as discussed earller, 
there is a disconinuity of the demand and profit functions at that point, 
skce at that prii e dl consumers to the right of y are indifferent between 
buMg x or y. However, since there are consumers at the edges of' the market 
who decide not to bay the commodity, the absolute jump will be smaller 
than if all consumers had to buy the commodity. Observe "cat in fig. 3, the 
jump is z,-y in contrast to 1 --y. Further, it is clear that the absolute jrump 
is smaller the smaller the reservation price k. Also, we expect Nash cqui- 
tibrium prices ffor the low reservation priw case to b&: lower than the PJash 
quilib,rim~~ prices for the infinite reservation pricz case. Since the under- 
cutting price has a fixed difference from the Nash zquilibrium price:, the under- 
cutting demand will be sold at higher prices when the reservation price IS 
PM&. Therefbre, the ineenfive to und2rcut will be smaller when the: resee- 
vation price is low. 

?tfien p, + ( y  - x) < k < Zk - p, - (y - x) the second line sement of the delnnnlltf function ends 
cl i  px =pp, +ly-x). For hi5,her values 01 p, the dmand is zero. 
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p , - ( ~ - x )  2 k - p  - ( y - x )  k 
Y x 

Fig. 4. The demand function. 

= 2B,(k - P,) if 2 k - P , - ( y - ~ c ) < P , s k .  

Definition 2 

1 7 , ( P x , P , ) = 2 P y ( k - P , )  if O S P , < P , - ( y - x ) ,  

-- 2Py(k  - P,)  if 2 k - P a -  ( v - x ) < P , . z k .  

The profit f~lnction is piece-wise concave and can take distinct shapes 
ilcpendiarg on tkac relative ps.;itions lcaf k / 2 ,  2 k - P ,  - ( j  --XI, as explained 
below. 

For P,  ~ ( 2 k  - P, -(y -x), k]  the profit function is n,( P,, P,) = 2P,(k - P,). 
In thy region of prices firm ?c does nt~t compete wit4 finn j1 for ihe mar@nal 
consumes. Pr == k / 2  is a bcal maximram of n,(P,, I",) = 2P,(k  - P,) if it  falls 
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in the I zgion (2k - P, - ( y  - x) ,  k).  Obviously, k > k/2. It is required that 
2k - P, -(y - x) < k/2,  i s . ,  that, Py >+ 3k/2  -(y -- x). When the symmetric 
opponent plays P; = k/2, this relation is equivalent to k / 2  > 3k/2 -- 
(y  - x ) e k  <(y - x). Observe that the equilibrium point (P: = k/2, P; = k/2) is 
unique for given k, x, y. I call this equilibrium 'local monopolistic' because 
the firms do not compete for the marginal consumer. See in fig. 3 the 
configuration corresponding to reservation price k,. 

Therefore, under the condition k < (y - x), for the "ocal monopolistic' case, 
the prices for the unique Nash equilibrium are P,* = P,* = k,'2 and the Mash 
equilibrium profits are lI:=ll? = k2/2. It is intuitively clear that such an 
equilibrium will exist for low enough reservation prices. 

3.3.3. Existence of kompetitiue' NasEt equilibria 

If k / 2  does not fall in the region (2k-Py -(y-x), k] the 'local 
monopolistic' equilibrium does not exist. Then the maximizer Pz of 
n x ( P x , P , )  has to be lower than 2 k - B y  - - ( y - x ) .  It is clear that no Nash 
equilibrium can exist when 0 $ F ,  < F ,  - ( y  - x) or 0 P, < P ,  - ( y  - x) ,  
because then one firm has the whole market while the opponent has zero 
profits which it can always improve. Therefore the Piash equilibrium price PZ 
has to be in [ P y  - ( y - - x ) ,  2 k - P ,  - ( y - x ) ]  = [ A ,  Bl .  

We first investigate conditions under which P: is in ( P ,  -(y - x) ,  2k - P ,  
y - x ) )  Such an equilibrium will be called a 'competitive' Nash 
equilibrium, since firms will be competing for the marginal consunrer. See in 
fig. 3 the coshguration correspond,ing to reservation price k. 

The conditions that both firms charge prices in the region (A,  B) ale 

These condiitions are equivale.,', tr? the following two conditions: 

The first condition implies that there will be no undercutting to drive the 
opponent out of business. 'The second condition says that the most 
disadvantaged consumer between x and y, the one that is indinerent to 
buying from x or from y, still prefers to buy a unit of the diRerentiated 
commodity rather than Doe buy at all. This establisbns this case as the 
%-omptitive9 one, with corn pet ition geared towards the consumers t11at lie 
betwen x and y. 
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Given the piecewise-concave shape of the profit function, for Pz,  the local 
maximizer in ( A ,  B), to be the global one it is necessary to have the profits at 
P: higher than the profits at the left peak at A. Further, I?, = 2P,(k- P,) for 
P, in (0, Py - (y - x)), since its maximum is at P, = k/2, and b2 > P, - ( y  - x )  
by the assumptions of this section. Finally. it can be checked [see 
Economides (1 982a)] that ITx is continuous at P, = 2k - Py - ( y  - x) and I7, is 
decreasing In (2k - Py --(y - x),, k). Therefore, the condition on the profit 
peaks and (4) are necessary and sufficient for the existence of the 'competit- 
ive' Nash equilibrium. 

The first-order condition prices are 

P: = P; -.- ((y - X) + 2k) /5  ( 5 )  

and the condition on the profit pealcs becomes (after some calcu.'ations) 

At the proposed Nash equilibrium prices (P:, P r ) ,  condition (4) becomes: 

7/6 < k/( y - x). ( 7) 

Condition (3) is obviously fulfilled, since: Pz=P,* .  Therefore, under the 
condition 

we have 'competitive~ash equilibria at prices 

resulting in profits ll: = 17: ==(3/2)(P:)'. Note that the 'compe'iitive' Kash 
equilibrium is unique for given varieties x, y, and reser cation price k.  

3.3.4. Existenctr qf 'touching' Nlgsh equilibria 

The deritrati~rc of thc profit hnction at YX=P:r2k--Py-(y-- .t . )  is 
disconiinuaus and drops iis B, moves from P i  - E to P i  + 6. This creai.e!i the 
possibility that the point P, =: f" is a global maximizer of the proiit function, 
for some values of the parameters. 

At < = 2k - P,  -(y - x) two seemingly contradictory events take place: I I )  
'The nzost disadvantaged conrsiumea bekween x and y (at F) is fxed with a 
utility cost k if he buys From either one sf the pscducers. (2) The firms are 
in direct connpetition. See in fig. 3 the configurration corresponding to 
reserva' ,011  pr nce k , . 
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We call this case 'touchi:lg' since at this configuratnon all three alternatives 
yiel~d the same utility to the consumer at Z. *This cctnfiguration is based on 
the snssumpl.ion that the profit function is decreasiug at B+E,  increasing at 
B-E, and that the peak at B is higher than the peak at A. These assumptions 
are equivalent to the following conditions: 

Note that the 'touching' Nash equilibrium is neither an isolated 
occurrence, nor a borderline case. Et exists for a range of values of the 
parameters. For example, if k is held constant there is a region of values of x 
and y such that 'touching' equilibria exist. Using the condition 

the above conditions imply 

An essential property of a 'touching' Na~sh eq~ilibrilrrn is that it is not 
uniquely determined by the reservation prices, the locations and the 
transportation costs. For any 3-tuple k, x, y there is a continuum of 
equilibria that follow conditions (109-(12). 

The question arises, which 'touching' Nash equilibrium is going to be 
picked up by the competitors. Symmetry and Harsanyi's (1975) 'tracing 
procedure' suggest equal Nash equilibrium prices for both firms, that is 8': = 
P,* = k - ( y  - x)/2. We will assume that the symmetric Nash equilibrium 
(P:, P:), with P: = Py* = k - ( y  - x)/2 is the Nash equilibrium picked and the 
profits are: It: = D; = ( y  -x ) [k  -(y -x)]/2. Formally, given the existence of 
multiple Nash equilibria under (10)--(13) we: define a selection that picks up 
the Nash equilitrium as the symmetric one with P: = P,4 = k - ( y  -- x)/2.  

3.3.5. SuntmalSy of results on thc existence of 'c~rn~petitive' 'rouchi~~~g' and Vocal 
monopolistic' Nash equilibria its the price game 

It is now clear that under the condiiion 

which guarantees tb~at the consumers at the edgr:s of tEe maritet do not buy 
odity a t  zero, prices, a Nask equilibrium exists for k <:(y-x) 

((7-+5\/iij)/6?, i.e., Tor k relatively not-too-high compared to the distance 
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between the firms. The region C=[0,(7+5Ji-d)/6] can be partitioned into 
three regions accsrtiiat to which kind of Nash equilibriuni exists when 
k / ( y  - - x) falls in each of the regions. 

Let C, = [O, 11, C, =( 1,7/6].. C ,  =(7/6, (7 f 5,/70)/5]. Note that C,, C,, C, 
form a parti:ion of C; i.e,, they are disjoint and their union is C. 

Under (14) the following three types of equilibria exist depending on the 
value of 8 = k/(y - x): 

(I) For OEC, a unique "ocal monopo!istic' Nash equilibrium exists at 
prices P,* = 4); = k/2. 

(II) For BcC2 a continuum of 'touching' Nash equilibria exist. The 
symmetric selection is at prices P,* = P,* = ti - (y - x)/2. 

(111) For 8~ C, a unique 'competitive' Nash equilibrium enists at prices 
P,* = P,* = (2k + (y - ~ ) , ) / 5 "  

Below, given k, we define the set G F the locations where we have 
existence of a Nash equilibrium. This set incorporates condition (14) and the 
upper bound on 0 = k/ (y  -- x). 

Definition 3. G(k) = (x, 1 k < mir, (x, 1 - y, (y - x)(7 + 5d%)/6)). 
Now the set G is partitioned into the sets G I ,  6,: G3. Thes5 sets are 

disjoint and their union is 6;. Set: 6 ,  contains all locations (x,  y) such that a 
'local monopolistic' Nash equililbriurn ~ x l s i s .  Set 6 ,  contains all locations 
(x, y) such that 'touching' Nash equilibria e x i d  Set G ,  contains all locations 
( x ,  y) such that a 'competitive' equilibrium exists. 

Definition 4. ~,(k)=(x ,~ik<rnin(x , l -y ,g-x)) .  

Definit i~n 5 .  G,(k) = (x, y l(y - x) < k < min (x, 1 - y, 7 ( y  - x) /6)) .  

Definition 6.  G,(k) = (x, y 17(y -- x)/61< k < min (x, 1 - y, (7 4- SJ%)/~) ] .  

Theorem I summarizes the results on the eqr-Jlibria of the price gape. l i  
~ssentially comcs through because more e~nr hasis is given to ccwsuner s 
located between the commodities offered rather than to consumers at th$: 
edges of the market. 

Tltesre~~i I .  Pn the duopoly game in prices, fbr all products (x, j l ) ~  G ( k )  
~(D,$nition 3) a Nash equilibrium ( in  prices: existsS8 

"Conditions k < x ,  k s . ( l -  y )  that define the ~ c t  (; guarantee that at zero prlces there will be 
consumers ht the edges of the market that prtafer not to buy any differentiated product. These 
conditions are the strongest possible re, atlarantee that there are consumers at the edges that 
don't buy the c8iKerenaiak.d product. le is posslbEe to relax these ctx ditions to some extent and 
:;till get existence. 
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(I) For all points in C, (DeJinition 4), the Masla t~quilibrium is called "oral 
monogolis:rc' and occurs at prices P: = P: =; k/2.  

(11) For all points in G2 (Depinition 5)' the Nash eqleilihriur~a is crrlied 
'touching' and occurs at prices P? =: P,* =. k - (y - x)/2. 

(III) For a19 points in Gj (Defi~titiun 6), the Nash eqailibriuw: is called 
'co~azpeiitiue' and ocarrs .sat prices P$ == E"; = (2k -t- ( y  - 4115. 

We see that if y-x is large (provided that there are consumers at the 
edges that are not served) there exists a "local mo~~opolistic' Nash 
equilibrium. As y - x  is shortened, a continuum of 'touching" N:tsh equilibria 
exist. For ssn,aller y-x there exist 'comgetitive' Nash equilibria. For even 
smaller y - x  existence fails as it is more p~tofitable to undercut. 

The proof of Theorem 1 is intuitively dear from the discussion of existence 
in sections 3.3 2-33.1. Still some technical details have to be checked. For a 
detailed exposition see Economides ( 1982a). 

The lack of existence of price equilibria for a large number of locations 
(products) is a significant problem. It is not clear what the appropriate price 
behavior of firms is when they are given locations (prod\acts) which imply 
nonexistence of a price equilibrium. One csould allow ?rse of mixed strategies 
(in prices), and recent work by Dasgupta and Maskin (1982a) guarantees the 
existence of an equilibrium despite the discor:tinmities of the objective 
functions. However, there is a difficulty in the interpretation of mcxed 
strategies. Further the uniqueness of a mixed strategy equilibrium (which is 
required for the definition 04' the payoff functions of the game in varieties) is 
far from guaranteed. Thus we limit our analysis to pure strategies. 

3.4. Ccntparatiue statics I :  Efect of cha~tge in products on the Nash 
eqiilibrium prices in the short mn 

Simple calcudations on the equilibrium prices of the price game establish 
the foliowing proposition: 

Prop~si?ion 3. The Mash equilibrilsfn price.~ 05 the price gurr~c. art7 continuotrs 
in ( y - x ) / k  in the region of existence of a Nask e~trilibrium, i.e. ,for Bz, <min 
( I  - y, x, Q - x)(7 + 5J10),'6). Funher, the Nosh equilibi-itmz prices increase 
linearly for 6!(7 + 5 J10) < ( y  - x) /k  < 6/7, decrrase linnsly for 6/7 < ( y  - x) 
,ik < 1 ,  and are constant for 1 *: ( y - x) /k .  

This result is surprising at first glance. There are. Nash equilibrium that are 
"competitive' and are realized at higher prices than the 'local msnopslistic' 
ones. Further, all 'touching' Nash equilibria, where there is essentially 
camptition for the mierginal consumer, have higher Nash equilibrium prices 
than the "local monopolistic' ones, A closer look at the situation reveals that 
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the result is not so surprising. In the 'touching' region competition is inore 
fierce than in the 'cornypetitive' region. This is hecause in the 'touching' and 
"local monopolistic' regions the firms cannot increase their prlcss expecting 
all consumers located between x and y to eontinuc buying. The marginal 
consumer wFio receives the same (zero) utility if he buys or does not buy a 
differeatiatdd commodity (from x or y) is reached as soon as the 'touching' 
case is reached. On the other harid in the 'competitive' case, all consumers 
between x and y can be expected to continue buying at slightly higher prices. 
While the firms remain in the 'touching' case and increase their distances 
they have to lower the prices to hold the marginal consumer indifferent 
between buying and not buying and at the saxe time sell to all corlsumers in 
(x ,  y). This decrease in the price continues until the 'local monopolistic' case 
is reached. For locations further apart there is a gap between consumers 
served by x and consumers served by y. 

3.5. Comparative statics 11: Eflects of change in products on the consumrs' 
and producers' slirplus ald total werare at the Nash equilibria of the 
short-run (price) game 

Llefinition 7. P(z) = mm ( P ,  + llz - xll, P, + Ilz - wll), the niininlum (among all 
alternatives) utility cost to consumer z of buying one unit of the 
diflerentiated commodity. 

Dq7nition 8. The consumers' surplus CS in the market for differentiaizd 
products is the sum of the surpluses that all consumers appropriate in the 
market by buying the differentiated product. Formally, 

1 

CS(P,, P,, x, y) = 5 max ( k  - P(z), 0) dz. 
0 

Definition 9. The producers' z;urplms PS in the market for differentiated 
products is the sum of the profits of the fimrs: 

PS(P,, P,, x, y)=ll,(l'x, P,! + nyv,9 P,). 

Dt!finition 10. The total surplus T S  is the sum of the consumers and 'he 
producers surplus: TS(P,, P,, x, y )  2 CS(P, ,  P,, x ,  y)  -t- PS(P, ,  P,, x, y) .  

~ ~ f i i t i o n  11. CS* E CS(P:, P:), PSt -- Pi'(P:, P:), TS* = TS(P;t, P:), where 
P:, P: arc: the Nasb equilibrirlm pricey, where the Nash squilibrium -xists 
and is unique. In the 'tmching' case where there are multiple Nash 
equilibria, the symrlletric Nash equilibrium is selected and total surplus. TS*. 
is defined f o ~  tlaat e y u i l i b ~ ~ m .  
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Dstailed analysis of function T!;* reveals that it is ma~mized at a 'local 
monoptistic' Nash equilibrium. Within the set of 'competitive' Nash 
equilibria. TS* is mwimized at thc marginal point between the 'comptitive' 
and the Youlching' cases. Furthm* TS* increases with the distmm between 
the fims withhl the set of 'iouchifig? equilibria, and is maximal rat the 
marginal point between the 'touching' and the 'local monopolistic' cases.. All 
'local monoplis~c'  equilibria have the: same surplus. Therefore TS* is 
maximkd rat the 'local monopolistic' configuration. Ht is evident that this 
result com,~s through because the producers' surplus is considerably larger 
than the C B R ~ S U ~ ~ Z ~ ~ '  ~ L ; ~ I U S ,  and domirlates their sum. See Economides 
(198%) for a detailed proof. 

Tkorern 2. Total surplus at the Nash equilibria TSz(x, y)  is maximized at a 
'local monopolistic' Nash eqtrilibrium as products x, y vary. 

4.1. Marginal relocation tendencies at the Nash equilibria of the price game 

Hotelling's clustering intuition was based on t h e  effects that the high 
reservation piice, forcing ail consur.:ers to buy the differentiated product., had 
on the market: 

(1) It created enclaves sf consumers at the edges of the market where the 
local firm had a monopoly for a large range of prices. 

(2) Sometimes (when the firms were relatively close) it was optimal for cach 
firm to undercut its opponent, therefore capturing the local enclave of 
the opponent. 

(3) Provided that undercutting was not the best reply, i.e., assuming that a 
Nash equilibrium existed in prices, since the competition was essentially 
for the consumers located in-between firms, it was more profitable to 
Iwate doser to the opponent because this not only increased the local 
monopoly enclave of the firm but also increased the demand by 
consumers located in-between the firms. (Of course, the side &ect sf this 
prlocess was that, as the lolcal cnelaves became large, the incentive to 
undercut increased, and eventually these was no Nash equrliljrium.) 

On the other hand, if the reservation price is mot-too-high: 

( I )  There u e  consumers at the edges of the market who przfer not to buy 
the diReren~ated comrnadiry. 

(2) The monopoly power of the local firm over consumers that are in the 
local 'enclave' is lowered, since the firm has to compte in price to gain 
their business. 

(3) Since the locak endaves are smaller, the incentives to undercut are 
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lowered, and therefore there are better chances for existence of Nash 
e q ~ l i b ~ u m .  

44) Comptition is  easier in the enclaves t h a ~  at the region between the 
firms. Hence firms wi;! make higher profits (at the Nash equilibrium 
prices) if they are located closer to the edges of the market. As long as 
there are consumers at the edges of the market that do not buy the 
product, firms have some incentivt: to move towards the edges. 

Definition 12. FOP (x, y) E G(k), let I?:(.%, y) = n,(P?, R,9(x, y) = nY(P:, P:) 
be the payoff functions of the varieties game, where P,* = P,*(x, y), 
P,*=P,*l(x,y) denote the Nash equilibrium prices of the price game, which 
are: 

We consider margiaal changes in the position of each firm assuming no 
reaction by the opponent. We call the direction of increase of 
dZ7:/dx (an?/i3y) 'the marginal relocation tendelacy of fir= : (2)', 

In the 'local monopoiistic' region, i.e., for 2k - P, - (y - x) < P, 5 k,  profits 
are nX(P:, P:) = f7,,(P:, P,*) = k2 /2 .  Then df7:/dx = di?:/dy = 0, and the mar- 
ginal relocation tendency is zero, except if the relocation causes the firms to 
fall outside the region of 'local monopoly'. 

In the 'competitive' region, i.e., for IP, - P,l< y - x and P, + P,  < 2k - 
(y - x), we have l?,(P:, P:) = 3(P:)'/2, ny(P:, F';) = 3(P:)'/2. Then, 2Zir:/ 
ax = 3 P:(aP:/ax; = - #P: < 0, and dn,'/dy = 3 P*(aP;jdy) Y = $Py* > 0. Therefore, 
firms have incentives to relocate marginally away from each other and reach 
the 'touching' region. 

For the selection of the symmetric Nash equilibria of the 'touching' 
type, i.e., for 1 .< k / (y  - x) < 7/6, profits are 17,(P:, 17) = IT,(P:, P:) = ( y  - 3:) 

[ k  -(y - x)/2]. Then al?:/i>x --- - k + [y - x) e0, , ~ I T ; / c ~  = k - ( y  - X) > 0. There- 
fore firms have incentivt s 'lo relocate away f;om each other and reach the 
'local msnopslistie>region. Pl.opa~sition 4 clearly follows: 

Proposition 4. Let n;(x, y) n 17,( P:, F:), n$(x, 1)) = f ly  (P:, P;) where P:, P; 
denoce the NlesPi cquili/srium projit:, qj' rhe price garnu. Then ?fl:/i?x <Q,  
r'n:/JyzQ, for y - x < k c m k ( x ,  I - ? , ( 7 + 5  J I O ) ! ~ ~ - - X ) I  (i.2.. in the 
kompetitive9 and 'touchirag' eases\, and SU;/Sx = ?liTF/i.y = 0, jor 0 5 
k < min(x, P - y, y - x) (i.e., in the '88accr naonapalisric' case). 

ednequaliby kc <rnin(x, P ---4.') guara.ktees that consumers at the edges of the 
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market prefer not tc buy the differentiated commodity. We see that the 
rna~ginal relocation tendencies are opposite to the ones proved by Hotebling 
in the model where the reservation price was infinite. Note that this result 
docs not contradict the fact that the Nash equilibrium prices decrease in the 
distance y - x in the 'touching' case. As y - x increases in the 'touching' case 
anci prices simuhaneously decrease, the expansion of the demand that 
accomparties the moves overcompensates the price drop and the end result is 
that Nasrl equilibrium profits increase in y - x. 

4.2. Nash equilibrium existence in the varieties game 

As was discussed in section 4.1 firms have incentives to relocate marginally 
away from each other if they expect their opponents not to react in t e k s  of 
locations and the Nash equilibrium in prices to be established at the new 
locations. This is true for all Nash equilibria of the price game of the 
'competitive' and 'touching' type. 

One can envisage this process as taking place over time. Say, originally the 
firms are at a 'competitive' Nash equilibrium in prices. Then they are allowed 
to reiocate marginaliy and are given the Nash equilibrium profits of the new 
locations. By Proposition 4 they will relocate away from each other. ?his 
will increase the distance between them, and will ev~ntually lead then outqide 
the region of existence of a 'touching' Nash e~~uilibrium. The relocaiion 
tendencies are the same for a 'touching' Nash equilibrium. Over time, firms 
can be thought to follow relocation tendencies and move away from each 
other. This will increase their distance even more, and will lead them a-vay 
from the region of existence of a 'touching' equilibrium into the region of 
existence of a 'local monopolistic' equilibrium. Once at a 'local monopolistic' 
equilibrium there are no incentives to move. Therefore one would expect 
over t h e  this firm to end at an equilibrium at the boundary between the 
'touching' and the 'local monopolistic' cases, which essentially is a 'local 
manopolistic' equilibrium. A firm that will start from a 'local anonopolistic' 
position will have no incentive tc move. Therefore, one expects in the long 
run all firms to be (or try to be) at "local monopolistic' positions. 

The varieties game forrnalize~ lung-run competition among firms. Firms 
compete in location where payoffs arc the Nash equilik -ium profits of a price 
game if this Nash equilibrium exists, and zero othe wise. This guarantezs 
that the payoff function is well-defined everywhere, and that firms will not 
choose to produce varieties which result in no11-exist~nce of equilibrium in 
the price game. 
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snd similarly f ~ :  Z;,(.). 

The following theorem estabIishes the existence of an equilibrium In the 
varieties game. At the equilibrium of ttiie varieties game, the short-run price 
equilibrium is a 'local monopolistickne. 

Theorem 3. Ii t  the varieties (long-run) game, a (perfect) Nash eqatilibriurn 
exists i f  there exist x ,  y, 0 < x < y < 1, such that il. < min(x, 1 - y, y - x). 

Proof: Consider an outcome of the 'competitive' type ( x ,  y, F,*, P,*) of the 
product game with correct anticipation of the Nash equilibrium in prices. By 
Proposition 4, it is superior for firm 1 to move to point x', where 
xt<:c, provided that firm 2 remains at :I. Clearly then any 'competitive' 
type outcome cannot be a Nash equilibriurri in the product game. 

Also consider an outcome of the 'touching' type in the same product game. 
By Proposition 4 it is superior for finn x to move to x', where x l < x ,  
provided that firm 2 remains at y. Clearly then any 'touching' type outcome 
cannot be a Nash equilibrium in the product game. 

All outcomes in the product game thait are price Nash equilibria of the 
'local monopolistic' type give the same profits irrespective of the I c c a t i ~ n s . ~  
Therefore these profits cannot be increased. Then it is clear that as long as 
locations fulfill the condition k < min (x, 1 - y, y - x) which guarantees the 
'local monopoiistic' configuration, there is no incentive for any firm to 
change locabion. 

Thus the long-run equilibrium will be a loca! monopoZistic one. If there is 
a fixed cost in the production technology, the long-run equilibldum may 
invoke zero profits and invite no entry. To tackle the problem of entry in 
the general case one may add another stage of competition, preceding the 
varieties stage, where firms choose whether or not to enter in the industry. 
Then the varieties game is played given the number of firms that have 
entered. An analysis of Hotelling's probleur~ when t16cre are more than two 
firms in, the market can be found in Economides CZ"482e). There it is shown 
that long-run equilibrium existence is not guarmnteed when there are three or 
more firms in the industry. Nevertheless, thas seenns to be a result of the 
limltatiun of the choice of firms imposed by the one-dimensional location 
space rather than a general result of pnce-location models. 

5. Summary and cssm~iud' remarks 

This research was done in the fra-nework of Hotelling's (1929) model for 

'Tkese profits (and the prices at which they are attained) are the same as the ones that houid 
rcsealt if allere %as onlj one firm nn khe I P ~ . L ~  k# f for dlflerentiated producis. 
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diRerentiated prod~lcts defined by iheir charactefistics. CJonsurners were 
endowed with single-peaked utility functions in the space of characteristics 
and were distributed uraiformly in the product space according to the 
position of the peak of their utility functions. Given the utility functions, the 
problem of utility ma~&ation for the consumers is equivalent b~ cost 
minimization in a base-pricing model where the transportation cost is born 
by the buyers. 

When the reservation price is very high, d'aspremont et al. (1979) have 
proved that the duopalistic price game (of competition in prices given fixed 
locations of the firms) there are Bocaticms (products) such that no Nash 
equilibrium exists. When the reservation price is not-too-high so that there 
are coixumers at the edges of the n~arket that prefer not to buy any 
differentiated product at low prices, I proved that the region of existence of 
equilibria in the price game is extended. There are three types of equilibria. 
For relatively high reservation prices only 'competitive' Nash equilibria exist, 
where all consumers between the locations of the firms are served and all are 
strictly better off by buying a differentiated product. For lower reservation 
prices in addition to 'competitive' equilibria there are also (for different 
locations) 'touching' squilibria where all consumers between the firms are 
served and the most disadvantaged consumer between the locations of the 
firms is indifferent between buying a differentiate1 product and not buying at 
all. F'or even lower reservation prices in addi'ion to the above equilibria 
there are also (for different locations) 'local m~nopolistic9 Nash equilibria, 
such that there are consumers between the firms who are not served. 

In the varieties game (of variety competition within the set of Nash 
equiiibria of the price game) Hotelling predicted that, for an infinite 
reservation price, marginal relocations (following the direction sf i~caeasing 
profits) will bring the firms closer together. This was the acclaimed 'Principle 
of hlinimum Differentiation'. For a trot-too-high reservation price (so that 
the Nash equilibria of the price game exist) I prove that the varieties game's 
marand relocations (following the direction of increasing profits) tend to 
drive firms far apart and towards a 'local mrlnopolistic' configuration. A 
N s h  equifiibrium of the varieties gttme exists if the: reservation price is not- 
too-high. Ht is at a 'local moraopolistic' configurz tion with the firms ~hoosing 
to produce tery ditrerent prodacts." The essertial reason fsr tkls rresullt is 
that, for relatively not-too-high re: zrvation prices, firms are not guaranteed 
the purchases of the cor,sumers who are located near the edges of the 
market. 

T h i s  is not the only Nash quilibr.iurn of the second stage game, although it is the only one 
where air the maket is not mverect by the Fams. There arc other eq8:quilih~a of the semnd stage 
game where all the market is covered. These equilibria are characterized by the fact ahat 
conselmers at the edge sf the mzket buy the diKeremtiatd pprdua but difler from Hotelling's 
quilibsia in comwtition in the middle sf the market. 
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Social welfare as measured by total surplus rs maximized at the nom- 
cooperative equilibrium of the varieties game wherz firms are local 
monopo!ists. This is a direct result of the domination of total surplus by 
profits. 

In conclusion we note that the general idea of 'dustering' that has been 
pretty generally accepted since proposed by Notelling (1929) is contradicted 
by the results of this research. The tendency to move far apart is discovered 
in the varieties game. The problems of non-existence of an equilibrium in the 
one-characteristic game in prices noted by d'Aspremont et al. (1979) diminish 
when the reservation price is not-too-high. 

This paper points in the direction of non-robustness of the non-existence 
result sf equilibrium in the price game. Indeed, the author has fou~ld that in 
almost all variations of Notelling's model price equilibria exist. In 
Economides (19826) the existence of equilibrium (in the price game) when 
there are three or more firms in the market is investigated. Two-sided 
competition by most firmp results in lower prices, limited gains by 
undercutting and guaranteed existence of equilibrium. In a two-dimensional 
analogue of Hotelling's model, an equilibrium in prices exists at least for all 
symmetric locations [Economides (1982c)l. Variation of utility functions so 
that they are more convex in the distance in the space of characteristics also 
results in a wider range of existence of equilibrium in the price game 
Cd'Aspremont et al. (1979) and Economides (1382e)l. Therefore the non- 
existence problem does not seem to be as essential as it previously seemed. 
On the other hand, none of the results points towards 'Minimum 
Differentiation' in the long rum. On t k  econtrarv, the present paper points 
toward maximal (profitable) differentiation. 

References 
D'Aspremont, C., J. Jaskold Gabszewicz and J.F. Thisse. 1379, On Hotellrng's 'Stability in 

Competition'. Econometrics 47, 11 45- 1 150. 
Cournol, A., 1960. Reseairches into the mathematical prinpipie; of the theory of wealth. 

translated by N.T. Bacon (Kellley, New York). 
Dasgupta, P. and E. Maskin, 1982a, The existence of eo~ilibriurn in discontinuous ecoxmic 

games, 1: Theory, Discussion paper 82/54 (ICERD, Lo dola School of Economics, London). 
Dasgupta. P. and E. Maskin. 1982b, The cxistunw. of equdli>riurn in discontinuous economic 

games, 2: Applications, Discussion paper 82/55 (ICEP:D, London School of Economics, 
London). 

nixit, A. and J. Stiglilz. 1977. Monopolistic compelition dnd optimum product diversity, 
A~nerican Econo nic Review 67, 297- 308. 

Eaton, B.C. and R. Lipsey, 1975. The principle of lninimum diffel.entiakion reconsidered: Same 
new developmertr ; in the theory of spatial cornr:tition, Revlew of Economic Studies 42, 27--50. 

Economides. N.F., 1q81,  Oligopoly in markers f # , r  products di~Terentiated by their characteristics. 
unpuhli5hed Ph.h dissei.taaicrn (University of California, Berkeley. CAI. 

Economidzs, N.S., i! 22a, The principle of m nimurn difkrentiation revnsitzd, Discussion paper 
no. 134 (Colmrmbla University, New York'. 

Economides, N.S., 1% &, Nash equilibriulir~ ;w oligopolistic competition in pHices and varieties. 
Discussion paper no. 150 (Columbia Univt.rsity, New York). 



'368 N. Ecommides, The mjnimlsm dfllentiation principle ravisitd 

Econo~aides, N.S., 19#2c, Nash aquilibk4um in duopoly w~th proclucts defined by two 
characteristics. Mimiion paper no. 152 {Columbia University, New York). 

Economides, N.S., 19826, Oligoptdy in differel~tiated products with three or. more competitors, 
DGscussion paper no. 153 (Collmbia University, New York). 

fionomides. N.S., 1982e, Minimal and maximal product daerentiistion, manuscrip;. 
Economides, NS., 1983a, Sym~tbetric equilibrium existence anlri optimality in differentiated 

products markets, Discussion paper no. 197 (Columbia Uniuerdty, New 'fork). 
Economides, N.S., 1983b, Existeilcx of equiiibrium in quality conlpeti tion, Discussion gaper no. 

199 (Columbia University, Mew York). 
Fetter, F., 1924, Ecanomilc law uf market areas, Quarterly Jourrlal of Economics 38, 520-529. 
Wedman, .J., 1977, Oligolpoly and the theory of games (North-Holland, Amsterdam). 
Harsanyi, 1975, The tracing procedure: A Bayesian approach to defining a solution for n-person 

non-eooperative games, International Journal of Game Theory 4, no. 2.61 -94. 
Hotelling, H., 1929, Srabillity in conpetition, The Economic Journal 39.41-53. 
Laneaster, K., 1979, Variety, equity and efficiency (Columbia University Press, New 'fork). 
Lerner, A. and M.W, Siager, 1937, Some notes on cluopoly orrd spatial competition, Journal of 

Political Economy 45, 145-186. 
Kovshek, W., Equilibrium in simple spatial (or clifferentiated product) models, Journal of 

Economic Theory 22, no. 2,3 1 3-326. 
Sdop, S., 1979, Monopolistic competition with outside goods, Bell Journal of Economics 10, no. 

1, 141-156. 
Sel8ez.1, R, 1975, A reexamination of the perfectness concept in extensive game forms, 

Intemsiional Journal of Game Theory 425-55. 
Shaked, A. and J. Surton, 1982, Relaxirig price competition through praduct differentiation, 

iiztite. d Economic Situdies 49, 3-14. 
Smithies, A., 1941, Optimal iosation in spatial c:omperition, juurnai of Political Economy, 423- 

439. 
Spmce, M., 1976, Prociuct selection, fixed cost and monoru.~listic competition. Review of 

Economic Studies 43., 2 17-236. 
Zeluthen, F., 1933, Thtsretical remarks on price theor Hotelling's case with variations, 

Quarterly Journal of Economics 49,231-253. 


